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4. Volumetric Flowrate, Velocity and the Continuity Equation
Frequently in closed conduit hydraulics there is a need to
determine the velocity of the fluid passing through the conduit. If
the volumetric flowrate through the pipeline is known, then the
velocity can be found using the Continuity Equation.
The volumetric flowrate, also called discharge or flow, is defined as
the volume of fluid that passes by a point over some duration of
time, i.e. Q = Volume/Time. Commonly used units of volumetric
flowrate in water distribution systems are cubic feet per second
(Cfs), gallons per minute (Gpm), million gallons per day (Mgd) and
Liters per second (Lps) .
Consider the cylinder of fluid shown in the figure below. Assume
that the cylinder has a fixed volume. The volume of the cylinder is,
of course, equal to the length of the cylinder (L) times the crosssectional area of the cylinder (A). If we pushed on the end of the
cylinder with a constant force F (as we would with a tube of
toothpaste), then the fluid will leave the cylinder with a constant
velocity of V. Let’s further assume that the time it takes to
completely empty the cylinder is T. Therefore in summary:
L – length of the cylinder
A – cross-sectional area of the cylinder
Vol – volume of the cylinder = LA
V – velocity at which fluid leaves the cylinder
T – time required to completely empty the contents of the cylinder
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Figure 2- 96 – Cylinder Full of Fluid

As mentioned earlier, the volume of the cylinder is its crosssectional area, A, times its length, L.
∀= 𝑉𝑜𝑙 = 𝐴 ∗ 𝐿
The average velocity of the fluid can be expressed as the time it
takes to traverse the distance L.
𝑉=

𝐿
𝑇

The term common to each expression is L so let’s equate the two
as shown below.
𝐿=

𝑉𝑜𝑙 ∀
=
𝐴
𝐴
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𝐿 = 𝑉𝑇
𝐿=𝐿 →

∀
= 𝑉𝑇
𝐴

Now we can solve for volume per unit time and see that this is equal
to velocity times area:
∀
= 𝑉𝐴
𝑇
Recall that Vol/Time = Volumetric Flowrate or:
𝑄 = 𝑉𝐴
Eq. (2- 78)

Where:

Q – Volumetric Flowrate (ft3/sec, m3/sec, L3/T)
V – Average Velocity (ft/sec, m/sec, L/T)
A – Cross-Sectional Area (ft2, m2, L2)

Eq. (2- 78) is called the Continuity Equation and provides a
relationship between the volumetric flowrate, velocity and crosssectional area of flow under steady-state conditions. As we will see
later, another form of the continuity equation applies under
unsteady conditions.
Steady-state conditions reflect the case where system parameters
do no change with time. For the discussion above, under steadystate conditions we assume that the velocity of the fluid is constant.
The Continuity Equation is widely used in both closed-conduit
hydraulics and open channel flow.
Example: The discharge through a 6” water main is 625 Gpm.
Is the velocity too high?
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Solution: The volumetric flowrate is 625 Gpm. There are
448.84 Gpm in 1 Cfs. Therefore the discharge is 625 Gpm/448.84
Gpm/Cfs = 1.39 Cfs. The cross-sectional area of the pipe is (/4)D2
= (/4)(0.5 ft)2 = 0.20 ft2. Eq. (2- 78) can be rewritten to solve for
the average velocity in the pipeline. V = Q/A = 1.39 Cfs/0.20 ft 2 =
6.95 ft/sec. This velocity is a little bit on the high end, but is not
unacceptably high. Generally we would like to keep velocities in
water mains to values of 8-10 ft/sec or less.
The velocity found in this example is the average velocity in the
pipeline. Later in this chapter we discuss velocity profiles and how
the velocity can change across the diameter of a pipe.
The more general form of the Continuity Equation is presented in
Eq. (2- 79). This equation states that the rate at which fluid enters
a control volume minus the rate at which fluid leaves a control
volume is equal to the change in fluid volume (growth/decay) over
some period of time. A control volume is nothing more than a fixed
volume of space in a fluid system, i.e. a length of pipe. If we
assume Steady-State conditions, then there can be no change of
fluid volume within a control volume over time. Consequently the
dVol/dt term equals zero.
𝐼(𝑡) − 𝑂(𝑡) =

𝑑𝑉𝑜𝑙 𝑑∀
=
𝑑𝑡
𝑑𝑡

Eq. (2- 79)

Where:

I(t) – Inflow into a Control Volume (Cfs, Cms)
O(t) – Outflow from a Control Volume (Cfs, Cms)
dVol – Change in Volume (ft3, m3)
dt – Change in Time (sec)

Therefore under steady-state conditions all flow that enters a
control volume equals the flow that leaves the control volume.
Consider the piping system shown below. Assuming steady flow
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conditions, Q1 = Q2. Using the form of the continuity equation
presented in Eq. (2- 78), then V1A1 = V2A2. The rate of flow is the
same in each of the pipes, but the velocity in the smaller pipe is
higher than the velocity in the larger pipe. The expression below
provides a relationship between the velocity in pipe 1 and pipe 2.
𝑉 =𝑉

𝐴
𝐴

Eq. (2- 80)

Where:

V1 – Velocity in Pipe 1 (ft/s, m/s)
V2 – Velocity in Pipe 1 (ft/s, m/s)
A1 – Area of Pipe 1 (ft2, m2)
A2 – Area of Pipe 2 (ft2, m2)

Control Volume

D1

D2

Q1

Figure 2- 97 – Pipeline Reducer
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Consider the pipeline reducer shown in Figure 2- 97. The purpose
of the reducer is to transition from one pipe size to another. We can
apply steady-state continuity to determine the velocity change from
one side of the control volume to the other.

Figure 2- 98 - 12"x10" Concentric Reducer

Find the velocity in Section 2 given the following information:
𝑉 = 2.5

𝑓𝑡
𝑠

𝐷 = 12 𝑖𝑛
𝐷 = 8 𝑖𝑛
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Under steady-state conditions, that is, when nothing changes with
time the discharge into the control volume is equal to the discharge
leaving the control volume. In other words:
𝐼 (𝑡) − 𝑂(𝑡) =

𝑑𝑉𝑜𝑙 𝑑∀
=
=0
𝑑𝑡
𝑑𝑡

Under steady-state conditions Eq. (2- 80) applies. We now have a
tool that permits us to find the velocity of the fluid in the 8-inch
section of pipe.
These calculations are presented below.
Frequently in water distribution system analysis we will assume
steady-state conditions.
𝑄 =𝑄
𝑉𝐴 =𝑉𝐴
𝐴
𝑉 =𝑉
𝐴

𝑉 =𝑉

𝐷
𝐷

𝜋
=𝑉

= 2.5

4𝐷
𝜋 𝐷
4
𝑓𝑡 12 𝑖𝑛
𝑠 8 𝑖𝑛

=𝑉

𝐷
𝐷

= 5.63

𝑓𝑡
𝑠

Let’s examine an interesting application of continuity where flow
enters a bathtub through a faucet at a rate of 30 gallons per minute
(gpm). At the same time the bathtub drain is opened so water
leaves the tub through the drain. Let’s assume that water is
draining at a rate of 25 gpm. This system is presented in Figure 299 below along with dimensions of the bathtub.
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Bathtub Width = 2 Ft
5.5 Ft

QIN = 30 Gpm

3 Ft
2.2 Ft

QOUT = 25 Gpm

Figure 2- 99 – Illustration of Unsteady-State Continuity

Clearly we see that water enters the tub at a higher rate than it
leaves the tub. As a result, the water level will build until eventually
the tub will overflow. Using the initial conditions presented in the
figure above (that the water level in the tub is 2.2 ft deep), let’s
estimate the time required for the bathtub to overflow. We assume
that flows remain constant, that is, that the flow into the bathtub
remains fixed at 30 gpm and that the discharge through the drain
remains fixed at 25 gpm.
The available volume in the bathtub when the depth of water in the
tub is 2.2 ft is the available depth times the length times the width
of the tub:
Vol(available) = (3-2.2) Ft * (5.5 Ft) * (2 Ft) = 8.8 Ft 3
Let’s use the form of the Continuity Equation presented in Eq. (279) which is shown below.
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𝑑∀
=𝑄 −𝑄
𝑑𝑡

= Δ𝑄 =

Δ∀
Δ𝑡

Δ∀
Δ𝑄 =
= 30 𝑔𝑝𝑚 − 25 𝑔𝑝𝑚 = 5 𝑔𝑝𝑚
Δ𝑡
Notice that we have a different set of units for the flow from the
faucet and drain compared to the available volume in the tub. We
need to work in a consistent set of units, so let’s convert the
discharge from gallons per minute (gpm) to cubic feet per second
(cfs). There are 448.84 gpm in one cfs. The continuity equation
applied to this problem now becomes:
Δ𝑄 = 5 𝑔𝑝𝑚

1 𝑐𝑓𝑠
= 0.0111 𝑐𝑓𝑠
448.84 𝑔𝑝𝑚

We can use the equation above to solve for the time required to
produce a volume of 8.8 Ft3.
Δ𝑡 =
Δ𝑡 =

Δ∀
Δ𝑄

8.8 𝑓𝑡
= 792.79 sec = 13.21 𝑚𝑖𝑛
𝑓𝑡
0.0111
𝑠𝑒𝑐

We conclude from this example that if the depth of water in the
bathtub was initially 2.2 ft, the flow into the bathtub was a constant
30 gpm (0.0668 cfs), and the flow out of the bathtub through the
drain was a constant 25 gpm (0.0557 cfs); then it would take 13.21
minutes for the tub to overflow – given the dimensions of the tub.
In reality the bathtub may never overflow. As we will find out in the
next section on Bernoulli’s equation, the flow through the tub drain
is actually orifice flow. The discharge through the drain will be
dependent upon the depth of water in the tub – also referred to as
© 2002-2022 WaterWare Consultants. All rights reserved.
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head. As the depth of water builds up in the tub the amount of
water pushed through the drain increases. We may reach a
condition where the rate at which water is pushed out of the drain
equals the rate at which water enters the tub. Under this condition,
the water level in the tub will remain constant – we will have
reached steady-state conditions!
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